
Models evaluation

This section is based on James et al. (2021), Chapter 5.

1 Evaluating the Performance of a Predictive Model

In the previous section, we introduced tools for measuring the quality of an estimator: the
mean square error (MSE) for quantitative variables and the error rate (ER) for qualitative
variables. These measures compare the predicted values ̂𝑌 = ̂𝑓(𝑋) to the observed values
𝑌. However, if we calculate these errors only from the data used to train the model, we risk
underestimating the true prediction error. Why? Because the estimator ̂𝑓 was adjusted to
minimize the error on these same data. It therefore fits them well, and generally, too well! This
can lead to the illusion that our model is performing well. Indeed, a very flexible model can
have a low error on the training data simply because it captures noise rather than signal. But
if the model adapts too much to the training data, it risks generalizing poorly to new data, i.e.,
data it has never seen before. This phenomenon is called overfitting.

Note: Overfitting and Underfitting

An overly flexible model can fit the training data perfectly, including random noise. It
will have a low error on this data but a high error on new observations. This is called
overfitting of the model. Conversely, a model that is too rigid (e.g., a constant straight
line) will not be able to capture the structure of the data, even on the training set. This
is called underfitting of the model.
The goal is to find the right balance between flexibility and generalization capacity.

To objectively evaluate a model, ideally, it would be best to test it on data completely
independent of the data used for training. We therefore distinguish two sets: a training set,
used to adjust the model, and a test set, used to evaluate the model’s predictive performance.
In practice, we generally don’t have access to a test set to perform this evaluation. In this
section, we will discuss two approaches to circumvent this problem.
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2 Validation Dataset

When we only have a single dataset, a simple solution is to randomly divide it into two subsets:
a training set to adjust the model, and a validation set to estimate the prediction error. This is
called a validation set approach. Figure 1 presents a schematic of this approach, and Figure 2
and Figure 3 present an example of a training and validation set, along with the associated
MSE.

Figure 1: Diagram of the validation set approach.
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Figure 2: Exemple de jeu d’entraînement et de validation.
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Figure 3: MSE pour le jeu d’entraînement / validation précédent (en rouge). Les courbes grises
sont les MSE pour d’autres découpages.

How to choose the size of the subsets?

In general:

• If we have a large number of observations (say, several thousand), we can do a 50-50
split.

• If we have fewer observations, we would prefer to keep more observations for training.
We can, for example, do a 70-30 or 80-20 split.

However, there is no universal rule. The right choice depends on the context, the
complexity of the model, and the amount of data available.

However, this method has two drawbacks. The first is that the error estimate is unstable.
Indeed, the value of the prediction error depends on the observations in the validation set. A
different validation set may give a different result. The second is that there is less data to fit
the model. Since part of the data is reserved for validation, the model is trained on a smaller
set, and this may therefore overestimate its true error compared to if it had been trained on
the full dataset.
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3 Cross-validation

To overcome the limitations of the previous approach, cross-validation is often used. This
method is more robust and stable. The principle is to repeat the validation set approach several
times on different subsets of the dataset.

The approach consists of randomly dividing the set of observations into K subsets of equal size
(called folds). The first fold is used as the validation dataset and the model is fitted on the
remaining K - 1 folds. The prediction error is calculated on the first fold. This procedure is
repeated K times; each time, a different fold is used as the validation dataset. At the end, we
have 𝐾 values for the prediction error. Finally, we calculate the average of the 𝐾 prediction
values. Figure 4 presents a diagram of this approach.

Figure 4: Diagram of the cross-validation approach

How to choose the number of subsets 𝐾?

The choice of the number of subsets 𝐾 has an impact on the quality of the prediction error
estimation, as well as on the computational cost of the procedure. In practice, 𝐾 = 5 or
𝐾 = 10 are often used. This choice is based on a compromise between the accuracy of the
error estimation and the required computational time. Indeed, for each value of 𝐾, the
model is fitted 𝐾 times. Therefore, the larger 𝐾 is, the greater the computational cost.
In the limiting case where 𝐾 = 𝑛, i.e. 𝐾 is equal to the number of observations in
the dataset, this is called leave-one-out cross-validation (LOOCV). In this case, each
observation is used as validation once, and the model is trained on the other 𝑛 − 1
observations.
This choice of 𝐾 = 𝑛 minimizes bias in the prediction error estimate, because at each
iteration, the model is fitted to almost all the observations in the dataset. However, this
comes at the cost of high variance. Indeed, since the training sets are almost identical,
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the prediction errors are highly correlated, making the overall error estimate unstable.
Conversely, lower values of 𝐾 introduce a slight bias in the error estimate (because the
models are fitted to sets containing fewer observations), but reduce the variance of this
estimate. This bias/variance tradeoff, coupled with a significant reduction in computation
time, explains why 𝐾 = 5 or 𝐾 = 10 are standard choices in practice.

Finally, cross-validation is a general method that can be applied to most models.
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